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Abstract 

Quantum theory can be formulated as a theory of operations, more spe- 
cific, of complex represented operations from real Lie groups. Hilbert space 
eigenvectors of acting Lie operations are used as states or particles. The sim- 
plest simple Lie groups have three dimensions. These groups together with 
their contractions and their subgroups contain - in the simplest form - all 
physically important basic operations which come as translations for causal 
time, for space and for spacetime, as rotations, Lorentz transformations and 
as Euclidean and Poincare transformations with scattering and particle states 
and also - via the Heisenberg group - as the operational structure of non- 
relativistic quantum mechanics. The classification of all those groups and 
their contractions is given together with their Hilbert spaces, constituted by 
energy-momentum functions. The group representation matrix elements can 
be written in the form of residues of energy-momentum poles - simple poles 
for abelian translations, e.g. in Feynman propagators, and dipoles for simple 
group operations, e.g. in the Schrodinger wave functions for the nonrelativistic 
hydrogen atom. 
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1 The Basic Actors 

The abelian and simple real and complex Lie algebras are the building blocks 
for all real and complex Lie operations[5, 9, 10] . The classification of the Lie 
algebras with dimensions one, two and three - 'the basic physical Lie operations 
(actors)' - gives also the simplest nontrivial examples for the concepts abelian 
=>- nilpotent =>- solvable and simple [2]. 

It makes sense to call the trivial Lie algebra L = {0} semisimple, but not 
simple. Its group is the trivial group exp{0} = {1}. 

There is one complex 1-dimensional Lie algebra L = (C, it is abelian dL = 
[L,L] = {0}. It generates the linear group 2 GL(d). 

There are two complex 2-dimensional Lie algebras 3 L = (E 2 , the abelian 
decomposable one and - new for two dimensions - the nonabelian, solvable 
one. The latter one is a semidirect product 4 , isomorphic to the Lie algebra of 
the 1-dimensional afline group. It is given in the 2nd column with the bracket 
in a basis {Z 1 ,/ 2 } and its faithful adjoint representation 



abelian 


solvable 


log GL(<D) (F 


log[GL(<D) x (D] = (D ffi (D 


[1,1] = 

xi — > x e (F 


[l L ,P] = P 
^ + xl^^ x J)eAL(^) 


logD(l) R 
logU(l) R 


log[D(l) xR] ^ R © R 



Complex Lie operations have real forms: D(l) = exp IR and U(l) = exp OR are 
the connected real 1-dimensional Lie groups. The abelian Lie algebras x G R n 
formalize physical translations. In the semidirect real Lie group ( * x e ° ) G 

D(l) x R the translations are acted upon with D(l)-dilations R9i i — ► e^x. 

There are three nondecomposable complex 3-dimensional Lie algebras L = 
d 3 - simple, solvable and nilpotent (proof in the appendix). They have faithful 
representations for a basis {I 1 , 1 2 , 1 3 } by (3 x 3)-matrices ail 1 + a 2 l 2 + a^l 3 \ — > 
AL((C 3 ) 



simple 
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logSO^) 


log[SO((T 2 ) x(T 2 ] 
^logSO((T 2 ) (E 2 
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^(D e (c 2 
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i; 3 ,/ 1 ] =i 2 
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\ -a 2 — a\ J 
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-a 3 


«2 \ 

Oil 


( Q 3 




«2 \ 

Oil 


\ 
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logSO(3) 
logSO (l,2) 


logSO(2) ffi R 2 
logSO (l,l) R 2 


logH(l) 
= R © R 2 


rotations 
flat Lorentz 


flat Euclidean 
flat Poincare 


Hciscnbcrg 



Their real forms (2nd last line) are - up to logSO(3) - noncompact. 

There is the covariant functor G i > log G from Lie groups to their Lie algebras and, vice versa, 

L i > expL. The linear group GL(K n ) for K 6 {R, (D} has as Lie algebra AL(K n ) ((n X n)-matrices). 

3 Isomorphies should be qualified, e.g. for a Lie algebra L = K° (K-vector space isomorphy). For a 
simpler notation, such qualifications arc omitted - they should be obvious from the context. 

denoted as G\ X G2 for groups and Li © L 2 for Lie algebras 
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All nondecomposable Lie algebras with dimensions 1,2 and 3 have rank 1. 
There is one generating linear invariant for the abelian case, and one quadratic 
Casimir invariant (inverse Killing form) for the simple case and its contracted 
forms for the contractions (below). The 2-dimensional Lie algebra 1R © R 
has no nontrivial invariant. 

The Lie groups for the 1-dimensional real Lie algebras act irreducibly on 
1-dimensional spaces and, in the selfdual orthogonal representations, on 2-di- 
mensional ones 

f D(l) = expR 3 e^, 1R logD(l) = logSO (l, 1) 
noncompact: < , , ^ / e v» o \ ^ /cosh^ sinhv>\ ^ td 

[ SO (l, 1) = exp a 3 R 3 { e _„ ) = { sinh ; cosh ; J e exp ajR 

f U(l) = expiR 3 e**, iTi = logU(l) = logSO(2) 

compact: < cr ., ^ ^ ■ td f ^ o \ ^ f cos^ isinoj\ ^ ■ td 
[ SO(2) = expm 3 R 3 { e - iv ) = { isin l cos ; J e exp ia ± ]R 

The simply connected totally ordered group D(l) = R covers U(l) = R/ 2Z 
infinitely often and is a real form of the complex 1-dimensional full Lie group 
GL((E) = SO((E 2 ) with Lie algebra D x . 

The simple real Lie structures with dimension 3 add spherical 5 and hyper- 
bolic degrees of freedom to the abelian R-structures 

SO(2) ^Vl 1 , SO (l,l)^^ 1 

SO(3) rotation group, SO(3)/SO(2) = fi 2 

fin , . fl+T . / SO (l,2)/SO(2) =y 2 

SO (l,2) flat Lorentz group, { SOq(1) 2)/SOo(1) 1} * y i x Q i 

The twofold covering groups are (iso)spin SU(2) (simply connected) and SU(1, 1) 
( S-connected) as real forms of the complex 3-dimensional special Lie group 
SL((C 2 ) (considered as 3-dimensional complex Lie group). 

The simple complex Lie operations, i.e. nonabelian without proper ideal, 
have been classified by Cartan with four main series {A, B, C, D} and five 
exceptional Lie algebras. Three main series - with the invariance operations 
for volumes A r = log SL(d 1+r ), for odd dimensional orthogonal structures 
B r ^ logSO((C 1+2r ) and for symplectic structures C r = logSp((E 2r ) - start 
with the same simplest simple Lie algebra which has three dimensions 

A 1 = B 1 = C 1 ^ (C 3 

The fourth series - for even dimensional orthogonal structures - starts with 
D 3 9* logSO((C 6 ) = logSL((C 4 ) after the abelian D 1 logSO((C 2 ) and the 
semisimple D 2 = A\ © A\ = logSO((C 4 ). All simple Lie algebras are 'fused 
collectives' of several ^-isomorphic building blocks. The simplest example, 
used in physics, is the 8-dimensional Lie structure SU(3) (flavor or color) where 
three 3-dimensional Ai-building blocks, called /, U and V-spin, are 'fused' in 
their Cartan subalgebras by the linear dependence I 3 + U 3 + V 3 = to yield 
the Lie algebra A 2 = logSL((C 3 ). 

5 The compact s-sphere £l s = SO(l + s)/SO(s) and the noncompact s-hyperboloid y s = 
SOo(l, s)/SO(s) for s = 1, 2, . . . parametrize classes of orthogonal groups. 
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The simplest real simple structures are descendants of Ai, compact and 
noncompact (definite and indefinite unitary) 

A\ = B{ = C{ log SU(2) = log SO(3) = R 3 
A r { = B[ l = C" ^logSU(l,l) = logSO (l,2) = logSL(R 2 ) = R 3 

If each of the three compact degrees of freedom in the Lie algebra of the 
spin group SU(2) = expAJ is paired with a noncompact one, there arises 
the rank 2 simple Lie algebra A\ © iA\ as 'complexified spin' operations for 
the Lie group SL((C 2 ) = expfAJ © iA^], considered as 6-dimensional real Lie 
group where three independent rotations are paired with three boosts. It is the 
twofold cover of the orthochronous Lorentz group for 4-dimensional Minkowski 
spacetime 

A\ © iA\ = logSL((C 2 ) = logSO((D 3 ) = logSO (l,3) = R 6 

The not simple nondecomposable real 3-dimensional Lie operations are all 
semidirect groups, i.e. afnne subgroups in GL(R 2 ) x R 2 

SO(2) xR 2 Euclidean (flat Galilei) group 
SO (l,l)xR 2 flat Poincare group 
H(l) = R x R 2 Heisenberg group 

They are contraction of SO(3) and SO (l, 2) (below). D(l) x R is a subgroup 
of the flat Poincare group. 

The general Euclidean, Lorentz and Poincare groups are SO(s) x R s , 

SOo(l, s) and SO (l, s) x R 1+s respectively, for s = 1, 2, In the physical 

names of the operations 'flat' is meant as 'spatially flat', i.e. without non- 
abelian space rotations s = 1,2. The Heisenberg group H(n) = R™ x R 1+n 
with n position-momentum pairs is looked at in more detail below. 

2 Heisenberg Lie Algebras and Groups 

The simplest nonabelian nilpotent Lie operations constitute the real 3-dimen- 
sional Heisenberg Lie algebra logH(l) = h(l) for one position- momentum pair 
(x, p) and its bracket I, a basis for the centrum 

h(l) = {gx + yp + tl | q,y,t G R} = R 3 
with [x,p] =1, [I,x] = 0= [I,p] 

The central action operator I is no number, e.g. not the imaginary unit %. h(l) 
is a semidirect product 

h(l) = Rx © [Rp + RI] : [Rx, Rp + RI] C RI 

The position acts upon the ideal spanned by {p,I}, not by {p,x}. Here, and 
everywhere, the roles of the position x and the momentum p operations can 
be exchanged. 
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h(l) has a 3-dimensional faithful representation by nilpotent matrices 
h(l) 3 gx + yp + tl i — >(o o l)e AL(R 3 ) 

\0 J 

By exponentiation there arises the Heisenberg group H(l) with the Weyl prod- 
uct 6 expressing the noncommutativity of position and momentum operators 

(1 q t + qy\ 
1 y £ SL(R 3 ) 
1/ 

/ 1 i qy \ 

Weyl product: e qx e yp = o i y ) = e qyI e yp e qx 

\° 1 / 

commutator group: (H(l), H(l)) = e RI : e qx e yp e- qx e~ qp = e gyi 

H(l) leads to the chains with abelian normal subgroups 

H(l) = {e^+«} D 2 r2 D centrH(l) = {e«} = R 

Correspondingly, H(l) can be considered either as semidirect extension [2] or 
as central extension with the exact sequences 7 

R 2 H(l)^RxR 2 ^R 
R^ H(1) = R©R 2 ^R 2 

In the semidirect group product 

H(l) ^R ! oE-E J R» with { * = <pi , 6 *> £ R} 
illustrated in the (3 x 3)-matrix representations 





q 


t + qy 





l 


V 
















t + qy 





1 


y 













q 








1 














the homogeneous group with the position x acts on the abelian normal sub- 
group R 2 by inner automorphisms 



R x R 2 — > R 2 : 



e <3* o e yp+ fI o e~ qx = e yp+( - qy+tS)I 



(o i)(w 



The adjoint representation 8 has commuting position and momentum [ ad x, ad p] 
- the image is the classical position-momentum Lie algebra 

ad : h(l) — ► AL(R 3 ), Ad : H(l) — ► SL(R 3 ) 









-y 








q 












adh(l) = {Rx + Rp}, adl = 0, AdI = 1 3 








-y 





1 


q 











6 In analogy to the commutator ideal of a Lie algebra, there is the normal commutator subgroup (G, G) 



{Sfc(fcfl)- 1 | 9,k<=G}. 



An extended vector space or group or Lie algebra G is defined by the injection-projection structure 
N G H with image i = kernel vr, i.e. H = G/N. 

^The adjoint representation of a Lie algebra acts on itself ad : L > AL(L) with adm(Z) = [m, I]. The 

adjoint representation of a Lie group on its Lie algebra Ad : G > GL(L) goes via Adg(i) ~ glg^ 1 . The 

adjoint action of a group on itself is by inner automorphisms Int g : G ► G, Intg(fc) = gkg^ 1 . 
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l n = idy denotes the identity operation on a vector space V = K n . 

Also the general Heisenberg Lie algebra with n position momentum pairs, 
a — 1, ... ,n 

h(n)=H 1+2n : [x a ,p b ] = 5% [x a ,I]=0=[I, P b ] 
is nilcubic with its centrum as commutator ideal 

[h(ra),h(ra)] = RI = centrh(n), [[h(ra), h(ra)], h(ra)] = {0} 
It has a faithful representation by ((2 + n) x (2 + n))-matrices 

/ I q a I t \ ( I R n I R \ 

h(n) 9 <fx a + y fe p 6 + tl i — ► _o o ^ e | _o o n n c AL(R 2+n ) 



It is a semidirect product of the n-dimensional abelian positions acting upon 
the n-dimensional momenta and the central operator 

h(n) = R n © [R n © R] : [Rx a , Rp 6 + RI] C RI 



The affine Heisenberg Lie algebra ah(n) includes, in addition, all linear 
transformations / G AL(R ra ) of the position-momentum pairs - in the matrix 
representation 



ahfn) 3 
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C AL(R 2+ ") 



with the Lie-bracket involving the dual product (q, y) of position with momen- 
tum and the linear transformations acting on position and momentum 
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with (q,y) = q a y a , f(y) b = f b a y a , f T (q) a = f b a q b 
The Heisenberg Lie algebra is the nilradical of the affine Heisenberg Lie algebra 

[ah(n),h(n)] Ch(n) 
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Therewith the extended Heisenberg Lie algebra is a double semidirect product 
ah(n) = AL(R n ) © h(n) = AL(R n ) © [R n © [R n © R]] 
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3 Contractions 

In general, contractions of simple Lie operations go with a 'flattening' of de- 
grees of freedom. In physics, this is related to a trivialization of units. The 
prototype Wigner-Inonii contraction from the Lorentz to the Galilei group [20] 
'flattens' the boosts by trivializing the speed of light ^ — > 0. In the opposite 
procedure, a contracted group is expanded by 'flexing' flat degrees of free- 
dom. An expansion resuscitates a mute unit. Contractions work with units, 
operationally formalized with dilations. 

The not simple nondecomposable real 3-dimensional Lie operations are all 
contractions of the simplest simple Lie operations. Their Lie algebras are given 
with a basis, a defining representation in the endomorphism algebra AL(d 3 ) 
(complex (3 x 3)-matrices) - for the simple groups SO(3) and SOo(l,2) the 
adjoint representations - and the invariant Casimir element C 



logSO(3) 

yiL 1 + if 2 L 2 + ip 3 L 3 

(0 i<pi iip 2 \ 
i<pi <p 3 
iip2 —<P3 I 



[L a ,L»] = -e 
C = —L 2 
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iogso(i,i) e r 2 
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[x,p] = I 


[x,I]=0 = 


P,I] 


C = I 2 





From the two simple groups (left), 3-rotations and (1, 2)-Lorentz group, re- 
lated to each other by the spherical-hyperbolic, i.e. compact-noncompact, 
i.e. imaginary- real exchange of two operations ^1,2 ^1,2, there leads one 
contraction to the 2-Euclidean and (or) to the (1, l)-Poincare group. From 
these contracted groups there leads a 2nd contraction to the double contracted 
Heisenberg group which can also be reached directly by a central contraction. 

3.1 Contractive Units and Dilations 

The simple Lie algebra parametrizations above with faithful adjoint (3 x 3)- 
matrix representations are for a diagonal invariant metric 1 3 and rj, i.e. for the 
Killing forms in an orthonormal basis. Dilation transformations from the triad 
manifold d € D(l) 3 e GL(R 3 )/SO(3) and d € D(l) 3 e GL(R 3 )/SO (l, 2) 
introduce three units 0:1,2,3 > for the three operations. The units can be 
visualized as lengths for the three axes of a metrical 2-ellipsoid dl 3 d T for 
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SO(3) and of a metrical 2-hyperboloid drjd T for SO (l,2) 

(a x \ /l 0\/ai \ 

SO(3) : dl 3 d T = a 2 1 a 2 

\ a 3 /\0 l/\0 a 3 J 




( ai \ / 1 

SO (l,2) : drjd T = o a 2 o o -1 

\ a 3 / \0 

/a? \ 
= -a| 

V -al J 

The related inner automorphisms L 3 I i — ► rf/fir 1 give renormalized Lie alge- 
bra representations which leave invariant the dilation transformed metric - for 
SO (l,2) 

/ ai \ / Vi *2 \ / ^T 

did' 1 — o q 2 o Vi o o 

\ a 3 / \ i>2 -<P3 o / \ o 

and - with ipi i2 i — ► iv?i,2 - for SO(3). 





3.2 Simple Contractions 



By renormalization of the Lie algebra basis and a renaming of the parameters, 
e.g. ^*0 2 = Vo, one obtains the contraction of the flat Lorentz group SO (l, 2) 
to the flat Poincare group 
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■ 0, d\ = a 2 with finite y 0j i 

Therewith the Casimir invariant (inverse Killing form) is contracted to 

C = (B 1 ) 2 + (B 2 ) 2 - (L 3 ) 2 -> (Q ) 2 - (Q 1 ) 2 

i.e. the metrical 2-hyperboloid degenerates to a metrical 1-hyperbola. Antici- 
pation of the contraction leads to the parametrization of metrical hyperboloid 
and invariance group involving one contractive unit i as one main axis 
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The Wigner-Inonii contraction from the flat Lorentz group to the Euclidean 
(flat Galilei) group is analogous 
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The metrical 2-hyperboloid degenerates to a metrical circle (1-sphere). The 
contractive unit c is the speed of light 
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3.3 Double Contraction 

The transition from Poincare or Euclid to Heisenberg involves a 2nd contrac- 
tion from 'hyperbolic' or spherical to flat 
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E.g., the double contraction from simple SO (l,2) to Heisenberg H(l) (Segal 
contraction [24]) 
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can be performed with two contractive units 
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A 1-step contraction uses one contractive unit /z 2 — > 
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fj,u ^ 0, h = \h, k = ±Jfe 
logG = log if (*/) © K l») 



3.4 Semidirect and Central Contractions 

Any subgroup if in a finite dimensional Lie group G allows vector space de- 
compositions of the Lie algebra 

r [h!,h 2 ] =h 3 

log G = log if © K, K = log Gj log H with I [hi,ki] = h 2 + k 2 

{ [k!,k 2 ] =h + k 3 

A dilation transformation of the complementary vector subspaces 

[h 1 ,h 2 ] = ish 3 
[hi,ki] = [ih 2 + vk 2 

[fa, fa] = + ufa 

can be used for the semidirect contraction with the Lie subalgebra log if acting 
on a vector space K 

f [log H, log if] C log if 
i/ = 1, ^ — »• : log G^ log ii © K, I [\og H,K] CK 

{ [K, K] ={0} 

e.g. logSO(3) -> logSO(2) © R 2 
logSO (l,2)->logSO (l,l) © R 2 

With related dilations the central contraction gives a central Lie subalgebra 
log H. The complementary space K has a Lie bracket in log H 

[hi, h 2 ] = fi 2 h 3 
[hi, fa] =^h 2 + n 2 fa 
[fa, fa] =h + fik 3 

logG^ log if K 
log if C centr [log if © K] 

e.g. logSO(3), logSO (l, 2) — > R 



[ [log ff, log ff] ={0} 

[log if, ={0} 

[f^fsT] C log ff 

R 2 
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In the Heisenberg example R 2 C logH(l) is spanned by {p, x} for the central 
contraction in contrast to {x, 1} for the semidirect contraction. 

The diagonalizable quadratic Casimir element for a semisimple Lie algebra 
(Killing metric of the adjoint representation) is contracted to a bilinear vector 
space form in the semidirect contraction and to a central subalgebra form in 
the central one 

logG: C = h®h + k®k=^ + M 
logG -> \ogH © K : fi 2 C-^k®k 
logG log # Q K : ^C^h®h 



4 Hilbert Representations 

Groups carry 'in themselves' the structure of 'their' representation spaces: Any 
set S where a group G acts on, is a disjoint union of G-orbits G»v , v £ S, which 
are irreducible G-sets. An orbit is isomorphic to a subgroup class G»v = G/H, 
i.e. to the G-operations up to the fixgroup (Wigner's 'little' groups) H = G v 
for the G-action. Therefore: The coset spaces {G/H \ H C G} constitute - up 
to isomorphy - the irreducible sets with G-action. 

For group representations on vector spaces, linearity has to be taken into 
account (more below). All real Lie groups (locally compact) define 'their' 
Hilbert spaces with complex representations, compact Lie groups have only 
Hilbert representations. In physics, with Born, the scalar product of the 
Hilbert spaces acted upon is interpreted in terms of 'probability amplitudes'. 
Therewith, physical Lie operations carry their probability interpretation in 
their own structure. 

4.1 Some General Remarks 

First some facts about representations which, in a more detailed and exact 
formulation, can be found in the literature[2, 4, 11]: Group (Lie algebra) re- 
presentations have a normal subgroup (an ideal) as kernel, i.e. a group (Lie 
algebra) without normal subgroup (ideal) has faithful, i.e. injective, or trivial 
representations. For the abelian and simple groups with the 'basic physical 
Lie operations' the nontrivial unfaithful representations are characterized by 
the discrete normal subgroups N - they are faithful for the quotient groups 
G/N 



G 


dime, G 


N 


G/N 


D(l) R 


1 




U(l) 


SU(2) 


3 


{±12} 


SO(3) 


SU(1,1) 


3 


{±12} 


SO (l,2) 



For the afline group in one dimension and for the 3-dimensional contracted 
groups the translations are continuous normal subgroups 
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l_ G 


dimji, G 


N 


G/N 


D(l) xR 


2 


R 


D(l) 


SO(2) xR 2 


3 


R 2 


SO(2) 


SO (l,l) xR 2 


3 


K 2 


SO (l,l) 


H(l) = RxR 2 


3 


R 2 
R 


R 

R 2 



In addition, there are normal subgroups with discrete factors 7L as used for 
D(l) R. 

There is Ado's theorem[2]: A finite dimensional Lie algebra has a faith- 
ful finite dimensional matrix representations (the nilradical becomes strictly 
triangular), e.g. the Heisenberg Lie algebras above. 

Any vector v G V of a group representation space generates - by the clo- 
sure of its group orbit span (finite linear combinations) (£^ G ' V ^ - a G- action 
invariant cyclic subspace. A vector v is called cyclic for the representation if 
(£{G»v) _ y C y C }j c representation has a cyclic vector v. Cyclic representa- 
tions have not to be irreducible (simple), e.g. the reducible representation]!] 
R 9 t i — > ^ J \*) 6 SU(1, 1) with invariant subspace ( q ) and cyclic vector 

(^j- This representation describes the time development of a free Newto- 
nian mass point [27] (^j^) = (o ~i™ ) ( i^(o) ) ■ According to Maschke and 
Weyl[22, 16], 'irreducible' and 'cyclic' coincide for compact groups. 

Physical examples for cyclic vectors are ground states where a nontriv- 
ial fixgroup characterizes a degenerate ground state ('sponteneous symmetry 
breakdown'). E.g., a ground state for the electroweak standard model of quark 
and lepton fields with their interactions is characterized by an electromag- 
netic U(l) as fixgroup ('little group') in the represented interaction inducing 
hypercharge-isopin group U(2). 

To define 'realness' in a complex representation of a real Lie group, the re- 
presentation vector space has to come with a conjugation, i.e. the represented 
Lie group has to be a unitary group - definite or indefinite unitary. E.g. 
the complex four dimensional Dirac representation of the real Lorentz group 
SL((C 2 ) is a subgroup of the indefinite unitary group SU(2, 2). 

Group functions (D G = {/ : G — > <C} are a 'huge' representation space of 
the 'doubled' group G x G with the both sided (left and right) regular action 

/ L ^5 fc g f k where g fk(h) = f\g~ l hk). Complex group functions come with the 
number induced conjugation /<->/, /(<?) = fig -1 ) (definite unitary U(l)). 

Of importance are the Banach spaces with the Lebesque function classes 
L P (G), 1 < p < oo, on a locally compact group 9 with, especially, the Hilbert 
space with the square integrable functions L 2 (G), the convolution group al- 
gebra L l {G) and, as its topological dual, the essentially bounded functions 
L°°{G). All Lebesque spaces are L 1 (G)-convolution modules L 1 (G)*L P (G) — > 
L P (G). For compact groups the group algebra is maximal L P {G) D L q (G) if 
p < q. 

9 For the function (classes) L F d ^(S) where the S-measure d^i is unique up to a scalar factor, e.g. Haar 
measure dg for a locally compact group, the measure is omitted in the notation L P (S). Finite groups with 
discrete topology arc compact and have counting measure. 
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Representations in definite unitary groups are called Hilbert (representa- 
tions). All compact group representations are Hilbert. Reducible represen- 
tations of compact groups are decomposable into orthogonal direct sums of 
irreducible ones, the irreducible (cyclic, simple) representations are - according 
to Weyl - finite dimensional. 

In the twofold dichotomy abelian-nonabelian and compact-noncompact, 
exemplified for finite dimensional real Lie groups with r > 1 





abelian 


nonabelian 


compact 


U(l) 


SU(1 +r) 


noncompact 


D(l) 


SL((E i+r ) 



the Hilbert representation structure of nonabelian noncompact Lie operations, 
is much more complicated than that for compact and abelian ones. 

According to Gelfand and Raikov[19], a Hilbert representation of a locally 
compact group G is an orthogonal direct sum of cyclic ones and - relevant for 
noncompact groups - an orthogonal direct integral of irreducible ones. Faith- 
ful Hilbert representations of noncompact locally compact groups are infinite 
dimensional. 

Only for compact groups, all representations act upon Hilbert spaces with 
square integrable functions as group algebra subspaces L 2 {G) C L 1 (G). In 
general, the cyclic Hilbert representations of a locally compact group G are - 
up to equivalence - bijectively related to positive type group functions. Such 
a function is defined as an essentially bounded function L°° (G) which endows 
the group algebra with a definite product - ^ 1 (G) becomes a pre-Hilbert space 

u>eL°°{G) \ with (/]/>„ = (f*u*f)(e) 

/ e L l (G) f =f GxG dKgW(g')f(g- l Mgg')f(g')>0 

Any vector of a Hilbert representation space gives, by its diagonal matrix 
elements, a positive type function G 3 g i — ► (v\g • v) = u(g). The positive 
type functions are diagonal matrix elements of cyclic vectors. 

Irreducible representations of locally compact groups are characterized by 
invariants, constituing the dual group space, for Hilbert representations the 
definite dual group space. The definite dual group space (invariants) comes 
with a Plancherel measure, uniquely associated to a Haar measure of the group. 
Locally compact noncompact nonabelian groups have also Hilbert representa- 
tions with trivial Plancherel measure, e.g. the supplementary representations 
of the nonabelian Lorentz groups SO (l, s), s > 2. 

4.2 Hilbert Representations 

of Abelian and Compact Groups 

The Hilbert representations of the abelian Lie subgroups D(l) = R and U(l) 
are basic for Hilbert representations of all real Lie groups. 

The irreducible Hilbert representations of the abelian noncompact groups 
('translations' of rank r) are IR r 3 x i — > e ipx G U(l) (unfaithful). The 
1-dimensional Hilbert spaces (D|p) are spanned by one normalized eigenvector 



13 



(p\p) = 1 with the translation behavior \p(x)) = e tpx \p) and the matrix element 
(p(y)\p(x)) = e tp ( x ~ y \ In physics, the eigenvalues p G R r as linear invariants 
are used as energy-momenta. The combinations {cospx,sinpx} are matrix 
elements of selfdual representations. There, the Hilbert space (E|p) © (C(p| is 
spanned by the dual basic vectors of the irreducible representations. 

In physics, translation representations characterize free states, e.g. free 
scattering states in position space IR 3 or free particles in spacetime R 4 . This 
structure is familiar from the simplest example, the harmonic oscillator with 
frequency (energy) E G R where the creation operator gives the eigenvec- 
tor u(E)\0) = \E) with the time translation action \E(t)) = e iEt \E). The 
position and momentum operator x = "^"^ — and ip = "^"^ — are 
linear combinations of creation and annihilation operators and span the self- 
dual representation space with the time development of position-momentum 
R 3 f (™ E Et e SO(2) involving (x(s)|x(f)> = imnE(t - s) etc. 

The Plancherel measure, associated to the Haar-Lebesque measure d r x 
of the translations R r , is the Haar-Lebesque measure d r j- of the (energy- 
momenta R r (dual group with linear invariants). It comes with Schur's 
orthogonality[4] for the matrix elements of inequivalent representations by in- 
tegrating with a Haar measure over the group 

jd r x e ipx e~ tp ' x = 5{*£) 

and is used for the harmonic analysis of the translation functions L 2 (R r ) 
(Fourier integrals). 

If functions, acted upon with a representation of a space and time transla- 
tion group x G R r , are Fourier transformable (f,u)(x) = J (f ,uj)(p)e~ tpx , 
a positive type function uj for the scalar product 

(/i|/ 2 >« = fd n x d n x> h(x) uj(x> - x) f 2 (x) = J^J(pj u{p) f 2 {p) 

is expressed with a positive distribution uj for the dual group with energies and 
momenta p G R r . 

The irreducible Hilbert representations e %Lp i — > e tztp of the compact quotient 
R/ TL = U(l) = SO(2), faithful for z ^ 0, are given with the winding numbers 
(linear invariants) constituing the discrete dual group z G TL = R/U(l). A 
physical example are the electromagnetic charge numbers, integer multiples of 
one basic charge. Again, the 1-dimensional Hilbert spaces (C\z) are spanned by 
one normalized eigenvector (z\z) = 1. The Plancherel measure associated to 
the normalized Haar measure d-^ of U(l) is the counting measure (dimension) 
d(z) = 1 of the winding numbers (dual group space). Schur's orthogonality 
reads J 2?r d^e lzip e~ lz ' ^ = 5 ZZ >. It is used for the harmonic analysis of the group 
functions L P (U(1)) (Fourier series). 

Compact groups of rank r have discrete eigenvalues (weights) in TL' , the 
dual groups of U(l) r , e.g. (iso)spin SU(2) or color SU(3) or flavor groups 
SU(1 + r). Extending U(l) by spherical degrees of freedom, the irreducible 
Hilbert representations of (iso)spin SU(2) 3 u \ — > 2J{u) and its quotient 
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SO(3), e.g. for J = 1 with Euler angles 

ie l 2 sin | e 2 cos | / 
/ e ^+x) CO s 2 | ie^M^ _ e -^x) si n 2 |\ 

1— > 2(u) = ^"^r cose ie-*^ e sO(3) C SU(3) 

\ -e'^-x) sin 2 § ie-^Si^ e -i(*>+x) cos 2 | y 

are given with the invariants 2J e IN (spins as dual group space) with scalar 
product (J; a'| J; a) = b a _ a , (for spherical bases). The Plancherel counting mea- 
sure d( J) = 1 + 2 J (dimension of the irreducible Hilbert spaces) associated to 
the normalized Haar measure d 3 u of SU(2) can be read off Schur's orthogo- 
nality for the representation matrix elements 

Jsu (2 ) d 3 u 2J^W2J(u)t = ^Sjj^jf 
e.g. for J = 1: J% d£ it d% j\ d^f\e^ sin 2 §| 2 = § 

00 

The Plancherel measure (1 + 2 J) is used in the harmonic expansion of spin 

2J=0 

group functions L 2 (SU(2)) as an example for the Peter-Weyl theorem[23] for 
compact groups. 

4.3 Induced Representations 

All Hilbert representations of a locally compact Lie group G are inducable 10 
from those of its closed subgroups {H C G}. The induced representations [3, 
26, 21, 12, 4] act upon the vector space with the mappings W G ^ H from the 
//-classes of the group into a vector space W with a Hilbert representation of 
the subgroup H 

w : G/H — > W, gH\ — ► w(gH) 

As discussed in the literature, the mappings W G I U have to be 'appropriately' 
defined with respect to 'smoothness' and measurability. 

For finite dimension W = (E d the mappings can be expanded (decomposed) 
into a direct integral with a G-invariant measure dgH for the classes, a W- 
basis {e a (gH)} 1= i t ^ d for each coset gH e G/H and the function values as 
coefficients 

w g/h 3w= ®^ dgH w ( g H) a e(gH) a , dima W G I H = d card G/H 

also in bra-ket-notation, e.g. \w) and \gH, a), with the identity decomposition 
(sum over a) 

id wG ,H =®JdgH \gH,a)(gH,a\ 

A positive measure has an associated Dirac distribution which, for an orthonor- 
mal VF-basis, defines a scalar product distribution 

(g>H,a'\gH,a) = 5 a a/ 5(gH,g'H ) where J dgH 6(gH, g'H)f(g'H) = f(gH) 

10 The basic structure for induced group actions is the group left action on subgroup right classes G X 
G/H — ► G/H, (k,gH) — ► kgH. 
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In general, the induced G-representations 

G x W°I H — ► W G I H , (k, w)\ — >km\w)= ^JdgH w(kgH) a \kgH, a) 

are highly decomposable, e.g. with Frobenius' reciprocity theorem[3] for com- 
pact groups. 

For practical purposes, convenient subgroups H C G have to be chosen. 
E.g., the trivial subgroup {e} C G induces the left regular G-representation 
on the complex group functions (D G which contains all (^-representations. A 
representation of the full group 'induces itself with W G I G = W. 

4.4 Residual Representations 

The eigenvalues (weights) for eigenvectors in a Lie group representation are 
from a discrete or continuous spectrum. They are linear Lie algebra forms, e.g. 
the winding numbers z G TL C R for U(l), the spin directions 2J 3 G TL C R 
for SU(2) or the energies £eR for time translations R and the momenta p G 
R 3 for position trnaslations R 3 . The invariants arise from linear Lie algebra 
forms in the abelian case and from at least bilinear form in the nonabelian 
case, e.g. the spin Casimir J 2 from the Killing form or the Euclidean invariant 
p 2 . A group acts on its Lie algebra and its forms in the adjoint and coadjoint 
representation. There exist formulations for representation matrix elements as 
residues of functions on complex Lie algebra forms[28, 29, 30, 31], e.g. for the 
abelian groups 

U(l) 3 e imx = § 7^^e ipx = J dp S(p - m)e ipx , m G R 

A not so trivial example is the residual representation of the matrix elements 
of the simple group SU(2), involving the derived Dirac distribution, i.e. the 
derived 2-sphere measure, supported by the value for the invariant p 2 = n 2 

SU(2) 3 e inS = J ^(nl 2 + p)5'(n 2 - p 2 )^ = 1 2 cosn|f | + ix s -^ 
n = 2J = 0,l,... 

Euclidean R ra -vectors are written with arrows, e.g. here with Pauli matrices 
* = = ( X1 l\ X2 Xl " T ) e R 3 (more below). 

The Dirac and principal value distributions are imaginary and real part in 
the associated complex distribution 

(g^ = ™±^)(-a), N = 0,1,... 

(Derived) Dirac distributions will be also called (multi)pole distributions. 

The distributions of Lie algebra forms show, on the one side, the repre- 
sentation characteristic invariants as complex singularities, e.g. as poles or as 
support of distributions, and, on the other side, the structure of the Hilbert 
space where the representation acts upon. The measures and distributions lead 
to distributions of Hilbert bases, to distributions of the scalar product and to 
functions on the Lie algebra forms as Hilbert space vectors (more below). 
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5 Simple Poles for Translations 

Hilbert representations of affine subgroups G x R n with a homogeneous group 
G C GL(R n ) acting on translations R n - in the following for the semidirect 
'basic physical Lie operations' 

D(l) x R and SO(2) xR 2 , SO (l,l)xR 2 , H(l) = RxR 2 

are inducable[26, 21] from Hilbert representations of direct product subgroups 
H x R ra which involve a fixgroup H C G of the (energy-)momenta from the 
dual group R n . An appropriate measure for the homogeneous space G/H is 
constructed from G-orbits of the (energy-)momenta. The homogeneous group 
restricts and collects the translation representations x i — > e tpx with the invari- 
ants. E.g. for the nonrelativistic scattering group SO(3) x R 3 , all translation 
characters e ipx are collected with the momentum square {p G R 3 | p 2 = P 2 }. 

5.1 The Affine Group in one Dimension - Causal Time 

In the group (j^ e ° ) G D(l) x R, interpreted as dilations D(l) acting upon 

time translations R 3 t i — > e^t, the energies are the eigenvalues for the time 
translations with the dual dilation action 1R3 E i — > e~^E. 

A Cartan subalgebra is spanned by the dilation generator with adjoint re- 
presentation ad/ 1 = (° °) - for the translations ad/ 2 = The Killing 

form of the Lie algebra tr ad/ a o ad/ 6 = Q ^ is degenerate, there is no 
nontrivial invariant. 

The Hilbert representations are inducable from the D(l)-action on the 
energies. For trivial energy E = with full fixgroup D(l) and, therefore, trivial 
D(l)-orbit there are the 1-dimensional representations D(l) 3 i — > e rm ^ e 
U(l) given above. These representations are faithful only for D(l) x R/R = 
D(l). 

Nontrivial energies E = ±\E\ ^ 0, have trivial fixgroup (little group) and, 
therefore, D(l)-isomorphic orbits R-t = (0, ±oo) (either positive or negative 
energies). They lead to the two equivalence classes of faithful Hilbert represen- 
tations, induced from the U(l)-representation of time translations R 3 t i — > 
e tEt . These representations are orbit-integrated with invariant energy-measure 
and the characteristic functions for positive and negative energies to give as 
matrix elements for the two irreducible representations 



1 1 — >±ifdE §(±E)e iEt = ^- = £ ± m6(t) where 

Now, the Hilbert spaces for causal time representations: In contrast to the 
1-dimensional irreducible representations R 3 t i — > e lEt e U(l) with only one 
eigenvalue and eigenvector \E) with (E\E) = 1, the D(l) x R representations 
use either all positive or all negative energies. Here, the irreducible Hilbert 
spaces have infinite dimensions. Basis distributions (no Hilbert vectors) on 
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the D(l)-orbit for the two Hilbert spaces are given with an orthogonal and 
positive scalar product distribution 



{\E±) | E = ±\E\ E R} with 



Vectors \f±) from the Hilbert spaces with their scalar product use energy 
packets E i — ► f(E) 

\U) = S§f(E)\E ± )=>{f + \f + ) = js° f 7m ME) 

The two types of representations act upon functions f± G L 2 (R ± ), square 
integrable on the D(l)-energy orbits, i.e. on the positive and on the negative 
energies. The Hilbert product, written with time dependent functions, employs 
the advanced and retarded distribution 

f ± (E) =#(±E)Jdtf(t) e iEt 

=>{f + \u) =fdtdt> m^jj-ht) 

The translation function scalar product / dtdt' f'(t')S(t — t')f(t) is restricted 
corresponding to the action of the homogeneous dilation group D(l). 

The dilation invariance of the scalar product distribution determines the 
dilation behavior of the basis distribution 

E i — ► e'^E =>■ S(E - E') i — ► e^5{E - E') 
\E±) i — ► e$\E±) 

5.2 The Flat Euclidean Group 
- Scattering in the Plane 

In the flat Euclidean group nontrivial momenta have trivial fixgroup 
SO(2)xR 2 -^R 2 : = (»)^ Hp/0 = {1} 

Their orbits are isomorphic to the homogeneous group SO (2), i.e. to circles 
in the momentum plane. Therewith, the Hilbert spaces with faithful represen- 
tations are orthogonal direct integrals over the 1-sphere with the normalized 
Haar measure 

forSO(2) . f/?^-P 2 ) =J^ P ^0^ = jr§ 
withP>0 • \ f=pl + p l 2i=tan# 

The translation representations R 2 3 x i — > e l ^ x have the momenta as 
eigenvalues with a positive invariant momentum squared P 2 for the Casimir 



j^#(±E)\E ± ){E ± \ = id i2(R± 

\E±) ^ e iE±t \E±) 

(E' ± \E ± ) =d{±E)5{ E ^) 

(E'\E_) =0 
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element characterizing an irreducible representation. The matrix elements for 
the irreducible representations 

P 2 > : x i — ► / & 5(f - P 2 )e^ = J (P\x\) 

contain the integer index Bessel function[15] (appendix 'Residual Distribu- 
tions') 

lR9e^ Jo(0 = lof cos(£cos£) = ]T^, Jo(0) = l 

fc=0 

By derivatives J= one obtains matrix elements for nontrivial representations 
of axial rotations SO (2). 

The infinite dimensional Hilbert spaces with the irreducible representations 
for P 2 > have a basis distribution of scattering 'states' in the plane 1R 2 with 
the momenta on the SO(2)-orbit, i.e. on the circle with fixed momentum 
radius P. They have the orthogonal and positive distribution of the scalar 
product 



f Jf \P 2 ;9)(P 2 ;9\ = id L2(SO ( 2 )) 



{\P 2 ;6) | < 9 < 2tt} with < 



\P 2 ;9) h^e^|P 2 ;fl) 
with p = P(cos 9, sin 9) 
(P 2 ;9'\P 2 ;9) = 



2tt / 

The Hilbert space vectors \P 2 ; f) are square integrable wave packets / € 
L 2 ^ 1 ) on the momentum sphere 

\P 2 ;f) =Ci f(0)\P 2 ;Q) =I^Hf_-P 2 )f(p)\p) 
(P 2 ; f'\P 2 ; f) = t f fW(e) = I f'(p)S(f - P 2 )f(p) 

The Hilbert product in translation dependent functions f(p) — J d 2 x f(x)e l ^ x 
employs the Bessel function which modifies the scalar product for translation 
functions / ^ X( ^ x ' f'{x')8{x — x')f(x) according to the action of the homoge- 
neous group SO (2) 



(P 2 ;f'\P 2 ;f) =J^ f>(x>)j (P\x-xi\)f(x) 



The angle, momentum und translation dependent functions could be writ- 
ten with the same symbol (f(9),f(p),f(x)) - the same function expanded in 
9, p or in x. Somewhat inconseqently, the notation is (/(#), f(p), f(x)). 

Schur's orthogonality for the square integrable representation matrix ele- 
ments involves the integration over the translations, e.g. 

Jd 2 x J (P\x\)J (P'\x\) = Aix5{P 2 - P' 2 ) 

This replaces, in 2-dimensional position space (in general in even dimensional 
position), the Huygen-Fresnel principle with spherical Bessel functions, e.g. 
Jo(P\x\) = = jr^if - P 2 )e l P £ of 3-dimensional (in general odd 

dimensional) position SO(3) x R 3 . 
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5.3 The Flat Poincare Group 
- Spinless Free Particles 

Also in the flat Poincare group nontrivial energy-momenta have trivial fixgroup 

SO (l, 1) x H 2 >■ 1R 2 : ( ^ )(;) = (;)=► ^ = {1} 

The orbits are - up to for the lightcone energy-momenta q 2 = - isomorphic 
to hyperbolas SOo(l, 1) — y 1 in the energy- momentum plane. Therewith, 
the Hilbert spaces with faithful representations are orthogonal direct integrals 
with Haar measure 

/ & ^ (±g )% 2 - m 2 ) = J- = J3» f 

<f = ql-qh f = tanh^ 

The measure can be parametrized with momenta as familiar from particle 
quantum fields in 4-dimensional Minkowski spacetime or with a hyperbolic 
'angle'. 

For 2-dimensional Minkowski spacetime, there is an obvious isomorphy 
between spacelike y 2 < and timelike y 2 > with a timelike and a spacelike 
order structure. 

The translation representation matrix elements have the energy-momenta 
as eigenvalues with positive and negative invariant ('mass') for the Casimir 
element Q 2 . The matrix elements for the two types of inequivalent irreducible 
representations {±m 2 | m 2 > 0} with nontrivial invariant 

m 2 >0:y ^ f^ 6 ( q 2 Tm 2 )eiqy =&fry*)llC (\my\)-&{±y 2 )tf {\my\) 

with \y\ = \J\y 2 \ > 

come with the order Macdonald function 

OO ,2 

R 3 $ — > 2/C (0 = / # e-l«l cosh ^ = -]T^>gf - 2r'(l) - 2ip{n)] 

n=0 

99(0) =0, y9(n) = l + ± + ... + i, n = l,2,... 
-r'(l) = lim n ^ 0O [^(n) - logra] = 0.5772 . . . 

which - for imaginary argument - is the Neumann function J\f with the Bessel 
function J 

2/C (^) = /# e^l cosh ^ = -7TjV (0 +^Jo(0 

By derivatives ^ one obtains representation matrix elements with nontriv- 
ial boost (dilation) SO (l, l)-properties. 

The representation matrix elements for positive translation invariant are 
familiar as the on-shell part of the Feynman propagator for massive particles 



for SO (l,l) : 
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Only the on-shell part gives a Hilbert representation matrix element of the 
Poincare group SO (l, s) x R 1+s . 

The Hilbert spaces with the irreducible representations - have an orthog- 
onal and positive basis distribution of free particles with energy-momenta 
q = (\Jm 2 + q 2 , q±) on the two shell hyperbola of mass ±m 2 7^ 



2tt - 



{\m 2 ; qi) \ qi G R} with (m 2 ; q[\m 2 ; qi) = \jm 2 + q\ 5( 

{\-m 2 ;q )\q eH} with (-m 2 ; q' \ - m 2 ; q ) = ^m 2 + g 2 

From now on, explicitly only for 



{|m 2 ; V) | V> G R} with < 



f /g|m 2 ;^)(m 2 ^| =^(80(1,1)) 
\m 2 ]il)) e tqy \m 2 ]il)) 

with g = m(± cosh ^, sinh ip) 

(m 2 ;iP'\m 2 ;iP) = 8{^f) 



The square integrable Hilbert space vectors are wave packets / G L 2 (SO(l, 1)) 
of momenta on the mass hyperboloid y\ = y\_ U y\ = SO(l, 1) 

\m 2 ;f) =/f/WK^) =/^(g 2 -m 2 )/(g)|g) 
(m 2 ;f|m 2 ;/) = / g/WM = / ^f(<?)% 2 ~ ™ 2 )/(<?) 

For spacetime translation dependent functions /(g) = / d 2 y f(y)e iqy , the 
Hilbert product is restricted according to the homogeneous action with the 
orthochronous Lorentz group by the change of 5(y — y') into the combination 
of Macdonald and Neumann function 



m 2 ;f'\m 2 ;f) = J /' {y>) k(-z 2 )^ Ko(\mz\) - ${z 2 )N Q {\mz\)\ _ _ J(y) 



J z=y-y' 



If, for Schur's orthogonality with different invariants, the integration is 
performed over the translations there remains the infinite measure of the hy- 
perboloid 

Jd 2 yj^ 5{q 2 - m 2 )e l iy j 5{q' 2 - m' 2 )e^ 
= 5(m 2 -m h )4Jd 2 q 5(q 2 -1) 

The representation matrix elements are not square integrable. 

5.4 The Heisenberg Group 

- Nonrelativistic Quantum Mechanics 

In the Heisenberg group as semidirect product H(l) = R x R 2 the homoge- 
neous group e qx G R with the position x = J) acts on the abelian nor- 
mal subgroup R 2 with momentum p — (1) and the central action operator 
I=[x,p] = (J) 

RxR 2 -^R 2 : (J ? )(J) = (* + «) 
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I generates the invariants. 

The position action upon the dual space (h,p) G R 2 with (ih,ip) the 
eigenvalues for the action of (I, p) 

((h,p),(l)) =th + yp, (h,p)(l 7) = (h,p-hq) 

has two types of fixgroups with corresponding orbits: The fixgroups are char- 
acterized either by trivial or by nontrivial eigenvalue fieR 

(h — 0,p) has full fixgroup R and point orbit {(0,p)} ={1} 
(h^0,p) has trivial fixgroup {1} and line orbit (h, R) =R 



Correspondingly, there are two types of representations (Stone-von Neu- 
mann theorem[13]): The 1st type with trivial representations of the cen- 
tral action operator I G centrH(l), i.e. invariant U — 0, leads to classi- 
cal unfaithful representations of the Heisenberg group with commuting posi- 
tion and momentum, i.e. of the abelian adjoint Heisenberg group IntH(l) = 
H(l)/ centrH(l) = R 2 . The Hilbert representations of R 2 are given above. 

The 2nd type with trivial fixgroup and a nontrivial I-eigenvalue %h (there 
is a spectrum of ^ ft G R) induces the quantum representations of the 
Heisenberg group. Different action quanta h ^ Ti define inequivalent repre- 
sentations with I i — > ihl. These irreducible faithful representations integrate 



9 y 



■ i mi 



G U(l) for all 



the irreducible momentum p-representations R 
momenta eigenvalues on the orbit line p G R with orthogonal and positive 
scalar product distribution 



h ^ : {\h;p) | p G R} with < 



\h;p) 
(h;p'\h;p) 



hi 



idL2 (R ) 

e 

5( £ 



ipy \h;p) 



2tt 



The Hilbert spaces consist of the square integrable momentum functions / G 
L 2 (R) which are isomorphic to the square integrable position functions f(y) = 
.I 'll' /(/')< "" / 



I ft; /) 
(h;f'\h-f) 



J£f(p)\h;p) 



S£f'(p)f(p) =fdyf'(v)f(y) 



The action of the Lie algebra momentum operator is given by the derivative 

p — ~Hr 

A harmonic analysis of functions on the Heisenberg group H(n) uses the 
classical Fourier components |0;/) with trivial Plancherel measure and the 
quantum components \h; f) with Plancherel measure[4] \h\ n dh for the invariant 
values of I. 



6 Dipoles for Simple Groups 

In contrast to the representations of abelian groups (translations) R n with 
pole singularities (Dirac distributions), simple groups use higher order poles 
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(derived Dirac distributions). This will be exemplified for the simplest sim- 
ple compact and noncompact Lie groups, the 'basic Lie operations' SU(2) 
and SU(1,1) with rank 1, twofold covering SO(3) and SO (l,2), the small- 
est nonabelian Lorentz group for an odd dimensional spacetime SOo(l,2i2), 
R — 1, 2, . . .. Here everything is explicitly known. For the noncompact group 
SL(R 2 ) ~ SO (l, 2), the definite group dual has been given by Bargman[17, 7]. 

In the usual procedure (more detailed formulations in the literature) the 
group SL(R 2 ) = SU(1, 1) is used in the defining representation on real 2- 
vectors and their component ratio 

( &\ . b\fti \ — f°ti+b&\ . £ _ Zi , . a£±b 

The SL(R 2 )-transformation behavior of complex functions of the ratio £ i — > 
F(£), induced by a representation of a Cartan subgroup SO(2) or SO (l, 1) 
is given by 

((: b d ) • m) = vM + dy'-mfSi) 

where the power ji e (F in the overall factor is the Cartan subgroup represen- 
tation characterizing invariant and 77^ a representation dependent sign factor. 
The Cartan subgroup representation determines the homogeneouity property 
of the functions in one irreducible representation. 

In the following, an orientation for SU(2)-Hilbert representations - as a 
warm up - and for SU(1, 1)-Hilbert representations is given by applying the 
inducing procedure and residual representations in a spacetime and energy- 
momentum oriented language. For the noncompact simple group there arise 
both square integrable Hilbert spaces and Hilbert spaces defined with positive 
type functions. 

6.1 Multipoles for the Nonrelativistic Hydrogen Atom 

A familiar example of higher order poles for simple Lie operations, discussed 
in more detail in [32], are the Schrodinger bound states functions for the non- 
relativistic hydrogen atom with Hamiltonian £ — The related Lenz-Runge 
invariance (perihel conservation) [18] leads to the action group SO(4) with the 
rotation group classes the 3-sphere f2 3 = SO(4)/SO(3). The f2 3 -measure has 
a momentum parametrization by dipoles 

R 4 / cose, \ = _lf\\ Jdn 3 = J d 3 PT ^^ = 27T 2 

with the imaginary 'momentum' invariant p 2 = —P 2 . Its Fourier transform 
is the hydrogen ground state / ^ e~^ x = e" Pr with binding energy — 2E = 
P 2 = 1 for principal quantum number k — 1. It is a representation matrix 
element of nonrelativistic position as symmetric space y 1 x tt 2 = R 3 . The 
f2 3 -spherical harmonics lead to higher order poles for the SO(4)-multiplets. 
E.g., the position representation matrix elements in the quartet k — 2 (s- and 
p-states) come with normalized SO(4)-vectors 

e ($ = TO( P V) GR4 > (e(P)\e(p)) = l 
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leading to 3rd order poles 

f p (£\ p -ipS _ f d*p P ( jP-P 2 \ -ipx _l( l-Pr \ Pr 

•> 27r 2 e lp^ e — J 7T 2 (p2+P 2 )3V 2iPp y e — 2V Px J C 

with - 2E = P 2 = ± 

In general, there are order (1 + fc)-poles with power (k — l)-tensors e{p) k ~ 1 for 
bound states with energy — 2E = P 2 = -h and A; = 1,2,... 



6.2 3-Space and (1,2)-Spacetime as Lie Algebras 

The groups SU(2) and SU(1,1) in the defining representation by (2 x 2)- 
matrices W ® W T = G! 2 (g> (C 2 have a Lie algebra parametrization almost ev- 
erywhere 

SU(2) 3 e lS = 1 2 cos \x\ + p| sin \x\ 
SU(1, 1) 9 e'y = % 2 )[1 2 cos fy| + § sin |y|] 
+^(-y 2 ) [1 2 cosh |y| + gy sinh | 

using a 3-dimensional Euclidean space x G ilogSU(2) and (1, 2)-spacetime 
yGilogSU(l,l) 

ix = ix^as + ix\<j\ + ia^c^ 

invariant x 2 
iy = iy Q a 3 + y x o x + y-i<Ji 

invariant y 2 

\y\ 

The invariants are generated by the quadratic Killing invariant which gives the 
Euclidean and Lorentz metric. The compact parameter space is restricted to 
x 2 < (2tt) 2 for SU(2) and to the timelike 'subhyperboloid' d{y 2 )y 2 < (2tt) 2 for 
SU(1,1). 

The group acts adjointly on its Lie algebra x i — > uoxou^ 1 for u G SU(2) 
and y i — ► v o y o v^ 1 for v G SU(1, 1). Obviously in this case, the group 
transformations u and v cannot be parametrized with x and y. E.g. group 
parametrizations with independent Euler 'angles' can be used 

\te '"smj e J - cos | / 

vM,x) =( e % COSh A 6 X Smh A) =e^e%3 G SU(l,l) 

\ e 1 2 sinh f e 1 2 cosh f J 



ixz 

IXl — X'2 



IX\ + X2 
-1X3 



tix o x = det ix 



-{ 

= -tryoy= deity = y< 
= ^ 



) G logSU(2) = R 3 



X n ~\~ X i ~~ \~ Xn 



Wo 

Vl + W2 



yi - W2 
-iyo 



) G logSU(l,l) R 1+2 



The dual vector spaces, i.e. the linear forms of the Lie algebras, are para- 
metrized by momenta and by energy-momenta 

p G R 3 = (logSU(2)) T , q G R 3 = (logSU(l, 1)) T 

both with the corresponding coadjoint action. The nontrivial SU(2)-momen- 
ta, e.g. cr 3 , have a spherical orbit parametrization (polar coordinates) where 
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the fixgroup e'^ 3 G SO (2) parameter drops out 

SU(2): u&MoasOu&Ax)- 1 = {^Lb ~^ 9 ) 

(P3 \ ( cos \ 

Pi = \fp Z \ sin6»sin V 
P2 / V sin 6 cos 95 / 

For the energylike SU(1, l)-energy-momenta, e.g. ct 3 with fixgroup e l ^ as G 
SO(2), there are the corresponding hyperbolic orbit ('polar') coordinates 

SU(1, 1) : v(<p, i/j, x) ° ^3 o v(<p, i>, xY 1 = ( e -"SU ~- Lsh^ ) 

/ 90 \ / coshV \ 

9 > =>• I 91 I = V? sinh^sinvj 



sinh i/i cos </3 / 

For the momentumlike energy-momenta, e.g. iai with fixgroup ea " 1 G SOo(l, 1), 
another parametrization with two noncompact parameters is appropriate 

— e *^( cosh 2 -*smh|\/ cosh| sinh § \ £ g"JJ(l 1) 
\ i sinh ^ cosh ^ y y sinh | cosh | y ' 

with the hyperbolic orbit ('polar') coordinates 



SU(1,1): w(<p,ilj,£) oia x o w{<p,xl),£) 1 = (. 



sinh j/> ie l4= cosh t/> 
ie~ lLp cosh i/> —sinh?/) 

/ go \ / sinh ifi \ 

g 2 < =>- 91 = \/—q 2 -coshVcos^J 

V 92 / \ cosh i/ 1 sin / 



The semidirect groups SO(l + s) xR 1+s and SO (l, s) xR 1+s describe the 
adjoint action of the homogeneous groups on their Lie algebras for ( 1 ^ s ) = 1+s, 
i.e. only for 1 + s = 3. For 1 + s = 3, the Pauli spinor representation is 
equivalent to its conjugated one, i.e. for group g = g = g^ 1 * and for the Lie 
algebra I = I = —I* 

for logSU(2) : —(ix)* = ix 
for log SU(1, 1) : -{iyf = iy a 3 - y x u x - y 2 a 2 = a 3 o iy o a 3 



The orthogonal structures for 1 + s = 3 are embedded into, but not triv- 
ially generalizable to higher dimensions. E.g., even dimensional nonabelian or- 
thogonal structures, starting with the rank 2 proper Lorentz group SL((C 2 ) ~ 
SO (l, 3), have two inequivalent left and right handed Weyl spinor representa- 
tions, for the Lorentz group g = e ta+lS and g = e ia ~^ . The Hilbert representa- 
tions of SL((E 2 ) ~ SOq(1, 3) have been given by Gel'fand and Naimark[8, 14, 7]. 



6.3 Hilbert Representations of SU(2) and SU(1, 1) 

The two types of maximal abelian subgroups (Cartan subgroups) in SU(1, 1) 
and the corresponding classes are parametrizable by time and position trans- 
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lations 

y 2 > : e^ 3 G SO(2), SO (l, 2)/SO(2) ^ 2 

(1-shell 'timelike' hyperboloid) 

y 2 <0: e^eSOolM), SO (l, 2)/SO (l, 1) = = x fi 1 

(1-shell 'spacelike' hyperboloid) 
SO (l,2) = SU(l,l)/{±l 2 } 

The Hilbert representations of the compact and noncompact Cartan subgroups 
have discrete and continuous eigenvalues {z, iq} in their dual groups - the 
energy-momenta as linear Lie algebra forms 

irrep U(l) = 7L ^ e iyo i — ► e izyo G U(l), z G TL 

for discrete series 

~ -td [ e !"^e«eU(l), igGilR 
irrep ,D(1) = iH =>• < . . . , . y 
^ [for principal series 

The quadratic Killing invariants /i 2 G 1R are called polarization n 2 = z 2 and 
momentumlike invariant P 2 = —q 2 . 

The measures for the compact classes SO(l + s)/SO(s) = Q s (spheres) and 
for the noncompact ones SOo(l, s)/SO(s) = y s (energylike hyperboloids) and 
SO (l, s)/SO (l, s - 1) = y 1 x tt 3 - 1 = yCM-i) (momentumlike hyperboloids) 
are 

JdQ s = Jd 1+S p 5(f - 1) = J£ {sin ey^dOfdQ 3 - 1 

Jdy s = Jd 1+S q $(±q )5(q 2 - 1) = ^(sinh ^) s_1 # I dti 3 ' 1 
j d y(i,s-i) = Jd 1+S q 5(q 2 + 1) = / °°(cosh V>) s_1 # / d^ 1 

The distributions and residues for one dimension 

are both embedded in the two 3-dimensional distributions with energylike and 
momentumlike invariant as poles whose Dirac contributions are the measures 
of Q 2 , y 2 and 



SU(2): S&p 



D ipx _ e_ 



^ — 20 — 1 | x | 

<UTY1 1"! • ^ 2tt 2 g 2 -io-l \y\ 
OU[L,L). ^ d3q 1 _0( y 2) e -\y\ +i 0(_ y 2 )e -i\y\ 

J 2tt 2 q 2 -io+l C \y\ 



The order structure of spacetime R 1+s is encoded in the two causal distri- 
butions, the advanced and retarded one 



=^z- l ±tire(q )5(q 2 -l) 

2 _ I „ -r- „-^2 zS. 



with (q =F io) = (q =F io) — Q 



i 



q 2 Tio-l gf 



^±iir5(q 2 - 1) 
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The sum of advanced and retarded distribution coincides with the sum of 
the two conjugated Feynman distributions. The Fourier transformation of 
advanced and retarded distributions are supported by future and past 

/ ^^zi^y = te(y ) J d^ s q e(q )S(l - q 2 )e^ 

I dl Z\ q ^-i em = ±^(±yo)Jd 1+s q e(q )S(l - q 2 )e^ 
= $(± yo ) J i^l-^e^ 

The Feynman distributions are compatible with the action of any orthogonal 
group 0(p, q) with bilinear form q 2 , the causal distributions only with the 
action of the orthochronous Lorentz groups SOo(l, s). 
One obtains for time and (1, 2)-spacetime 

SSww=i^ =-*(*) sin 1*1 
su(i,i): I&T-^-^ =-$(y 2 Myo) c -^ 



The SU(2)-representations are inducable from Cartan subgroup represen- 
tations with winding numbers (integer powers) SO(2) 3 e tXj,a3 i — > ( e »x3<T3)±»i ^ 
SO(2) and the decomposition SU(2)/{±1 2 } = SO(3) SO(2) x tt 2 . The 
matrix elements for spin J arise from dipole distributions, supported by the 
invariant 

!_|_ r d 3 p n c ipx _ e ±in\x\ 

J in 2 (p 2 Tio-n 2 ) 2 
J^^V-^ =g|sinn|f| 

Matrix elements with nontrivial properties with respect to the rotation classes 
SU(2)/SO(2) use derivations J= = 

For the SU(1, ^-representations, there are six dipole distributions (three 
pairs with ±io). They involve the Cartan subgroup representation matrix 

elements {e*' y ', e^^} for the invariant \y\ = \J\y 2 \- There are two pairs of 
SU(1, l)-representation types: The discrete 'energylike' polarization invariants 
give the two causally supported series, induced by compact Cartan subgroup 
representations SO(2) 3 e iyoas i — ► (e i90 ' 3 ) ±n e SO(2) and the decomposition 
SU(1, 1)/{±1 2 } = SO (l, 2) = SO(2) x y 2 ± 



SU(1,1) 3 e iy i — ► 
discrete: n = 0, 1, 2, . . . 



n±(y) = I 



2vr 2 [(g=Fio) 2 -" 2 ] 2 

= tf(y 2 )i9(±y ) sinn\y\ 

„2 ( \t _ f d?q q iqy 

rl ±\y) •> 2tt 2 [(g=R°) 2 -™ 2 ] 2 

= -&( y *)#(±yMcosn\y\ 



The lightlike invariant lead to the 'mock' series 0±. The two principal 11 se- 
ries are induced by noncompact Cartan subgroup representations SOo(l, 1) 3 
e ym | — > ^ e i/i<Ti^±i|P| e SO (2) with imaginary eigenvalues and a momentumlike 

^'Principal' in principal series and principal value arc not related to each other 
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invariant and the decomposition SU(1, 1)/{±1 2 } = SO (l,2) = SO (l, 1) x 

37(1,1) 

su(i, i) 3 e*y ,— f Pl(y) =-! d ^ w ^hw^y 

principal: P 2 > | = $(- y ^ e Ti\Py\ + #( y 2) e -\Pv\ 

In addition, there is the causally supported supplementary series with principal 
value integration 

from =f / ^e"» = #(y*)e*M + t(-y*) e -\v\ 



iir 2 (q 2 =fio— 1) 

SU(1,1) 3 e iy i — ► 
supplementary: < m 2 < 1 



= "#(?/ 2 ) sin | my | 

= -$(y 2 )uA cos \ m y\ 



These representations can be understood to be induced from a noncompact 
Cartan subgroup representation by a rotation of a spacelike direction into 
a 'timelike' one <J\ i — > a 3 (not i<7 3 ) and exponentiating with a continuous 
imaginary eigenvalue 

SO (l, 1) 3 e yiai i — > (wo e y iai o W *)±*M = ( e ^)±*|m| e SO (2) 
with w = e^ 172 G SU(2) 

With the compact SU(1, l)-parameter space, the continuous energylike invari- 
ant is restricted by the lowest nontrivial polarization n 2 = 1. 

Matrix elements with nontrivial properties with respect to the axial rota- 
tion classes SU(1, l)/SO(2) and boost classes SU(1, l)/SO (l, 1) use deriva- 
tions #- = JL-^r. 
dy \y\ d\y\ 

The Plancherel measure [25, 4] for the supplementary and the trivial repre- 
sentations is trivial, the discrete representations, induced from SO (2), have 
counting measure fJ>(n±) = n and the principal ones, induced from SOo(l, 1), 
a hyperbolic measure dfx(P±) = (tanh coth 1 y)cLP 2 (always with fixed Haar 
measure). 



6.4 Hilbert Spaces of SU(2) 

The following derivation of the familiar SU(2)-Hilbert spaces - finite dimen- 
sional subspaces of the 2-sphere square integrable functions L 2 (Q 2 ) - by start- 
ing from SU(2)-matrix elements in the form of Fourier transformed momen- 
tum distributions serves as a preparation for the SU(1, l)-case below. It 
is instructive to consider, side by side, the representations of the Euclidean 
group SU(2) x R 3 (rank 2), relevant for nonrelativistic scattering structures 
SO(3) xR 3 in 3-position, and of the spin (rotation) group SU(2) (rank 1). 

The irreducible scalar matrix elements (spherical Bessel functions) with 
Dirac measure for the momentum 2-sphere 

SU(2) x 1R 3 /SU(2) 3f^^ = / g ±<5(/i 2 - f)e** 

= I e ^ = J IT e"^, fi = P>0 
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lead to those with derived Dirac distribution 

SU(2) 3 e iS i— > cos/i|f | = / ^2 //5 V - pV** = ^ / ^ <$(a* 2 - p 2 )e i ^ f 

= (l + f|)/$e^, /i = 2J=l,2... 
The relevant integral sums over the 2-sphere momentum directions 

U - ^ - [ie-^sine -cose P ~ \P\V 

r d?u) rl rfcos 9 r2ir di£_ uj—uj' \ x( cos 9— cos 9' \ x( <p— f' \ 

J 4vr — J-l 2 JO 2tt> °\ 4tt ) ~ °\ 2 J°V 2 7r J 

For the neutral group element x — 0, there remains, for both underived 
and derived Dirac distribution, the normalized momentum-sphere measure 

/ S J<v - = s ^ V - f) = i = i 

The Hilbert space relevant restriction - in both cases - is the Dirac distribution 
on the 2-sphere. 

The SU(2) x R 3 -representations are induced by translation representations 
with fixgroup SO(2), those for SU(2) by SO(2)-representations 

for SU(2) x R 3 : R 3 3 x i — ► e iP ^ G U(l) 
for SU(2) : SO (2) 3 e^ 3 i — ► e i2J<33 °* E SO (2) 

The basis distribution for the irreducible Hilbert space of the Euclidean 
group contain scattering 'states' of momentum value P in the direction Co and 
SO(2)-polarization ± J = 0, ±\, ±1, . . . with SO(2) x Reaction 

(P 2 , J) G irrep + SU(2) x R 3 : 



J = has 'states' with trivial polarization {|P 2 ; Co)}. The 'states' in the basis 
distributions for SU(2) with one invariant J (spin) have momentum direction 
Co and SO(2)-eigenvalues eJ = ±J 

f {\J;Co,e}\Co eVl 2 ,e = ±1} 
Je irre P SU(2) : j J ^\J; Co, e)(J; Co, e\ ^ i(\j2 m 
[ \J;Co,e) K e ei2J * s \J;co,e) 

In addition to the action of the subgroup SO (2), the derived Dirac distribution 
leads also to matrix elements with the action of the SO(2)-Lie algebra 

It-* \ !ogSO(2) . _ . 

\J;oo,e) i — > et2Juox\J; to, e) 

The induced action for the full rotation group r G SU(2) 
\P 2 , J; Co, e) s ^}^ (j-^ Co)^\P 2 , J; Co, e'), | J; Co, e) ( r? Co)^\J; Co, e') 



{\P*,J;Cd,e)\Cd ei¥,e = ±l\ 
J^\P 2 ,J;Co,e)(P 2 ,J;Co,e\^ id& m 
IP 2 , J; Co, e) so ^ R3 ^2J^p^ IP 2 j Q , 
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comes as Wigner axial rotation o(r,Cu) G SO(2) with momentum-direction 
dependent parameters which is determined by the rotation action on the rep- 
resentative u((p, 0,0) G SU(2)/SO(2) for the momentum direction orbit 

r G SU(2) : r o u(Cu) — u(r • Cu) o o(r, Cu) 

=>- o(r, Cu) = u{r • Cu)* or o u(Cu) G SO(2) 
withu(w) = u((p, 9, 0) G SU(2)/SO(2) 

r»Cu = roujo r _1 is the SU(2)-rotated momentum direction. 

This is in analogy to the familiar momentum dependent Wigner rotation 
for an induced Lorentz transformation: There, a boost, parametrized by an 
energy-momentum vector q G H 4 on the hyperboloid 3^ 3 , e.g. in the Weyl 
representation 

s(±) = e& G SL((E 2 )/SU(2), £ = 1, sinh2|/3| = | 

is transformed by a Lorentz group action SL(G) 2 ) 3 A ~ A G SOo(l,3) into a 
boost for the transformed momentum up to a Wigner rotation 

W£) = «(A.£)or(A,£), r(A,^)GSU(2) 



With orthogonal basis distributions on the momentum 2-sphere 

(P 2 ,J;u',e'\P 2 ,J;u,e) = 5L £ ,5(*=f) 
(J;Cu>,e'\J;uj,e) = 6L e ,6(^f) 

the Hilbert vectors for SU(2) are pairs of square integrable functions L 2 (f2 2 ) 

\J;w) =f^ w(Cu,e)\J ;Cu,e) =f& ±6{? - 4 J>(p, e) \p, e) 
(J;w'\J;w) =f^w>(uu,e)w(u),6) = J % w'(p, e)±5(? - 4J>(p, e) 

and analogously for the Euclidean group where also position functions w(p) = 
J d 3 x w(x)e ipx can be used with a spherical Bessel function 



(P\J;w>\P\J;w) = J 4g w'(Cu, e) w(Cu, e) 

= /#^( p,e)^(p 8 -P>(p;e) 
= J^w'(x\e)^^w(x,e) 

Only for SU(2) with discrete invariant \x = 2J, a basis for the irreducible 
(1 + 2J)-dimensional Hilbert space is given with the totally symmetrized 2J- 
powers of the basis representation SU(2)/SO(2) 3 u(<p,6,0) (spherical har- 
monics for integer J) - starting with the two functions in the first and the 
three functions in the middle column of the matrices for J — \ and J = 1 



„2 6 



GSU(2), 



V2 

e-iv sin 2 % 



: c iw sin 9 

cos 6 

jp-if sin 8 



G SU(3) 



The SU(1 + 2J)-orthonormality of the columns (J; a'] J; a) = 5t a ,, which holds 
for any group element, i.e. any (<p,9), has to be distinguished from Schur's 
orthogonality for the matrix elements which integrates over the full group. 
The Euler angle parametrized components in the vectors | J; a) are Schur- 
orthogonal. 
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6.5 Hilbert Spaces of SU(1, 1) 

In the representation matrix elements for (1, 2)-spacetime with an invariant 
H > 

{ q ( icoshV -e l ^sinh</>\ | | 

r rf 2 c r sinh-i/i di/> r2-7r dip r/ c— c' \ r/ cosh cosh ^/ ^ ip—ip' \ 
J 4n — J 2 JO 27T' °V 4 7T J _ °V 2 ^ 2vr J 



_ g _ f sinhV ie^coshVN Wl,l) _ | 
With ^ V 7 "^ V»e-^coshV -sinhV / t y ' « l y 



r d 2 s r cosh t/> cfc/> r27r dip s— s' \ r/ sinh^— sinh-i/i' ^ r/ ip—ip' \ 

J 4tt ~ J 2 JO 27T ' ^ 4-7T ' ^ 2 ^ 2tt J 

the unit vectors (c, s) G (3^±, 3^ < - 1 ' 1 - ) ) on the hyberboloids for the noncompact 
group SU(1, 1) are the analogue to the sphere unit vectors uj G Q 2 for the 
compact group SU(2). 

Energy-momentum functions are expanded with basis distributions 

{|/i 2 ;g, e >|gGlR 3 ,e = ±l} 
/i 2 G irrep + SU(1, 1) : <j / -§^\^ 2 ] q, e)(/i 2 ; q, e\ ic^ (R3) 

l/^ 2 ;w) = Jd 3 q w(q,e)\fx 2 ;q,e) 

The inducing Hilbert representations of compact and noncompact Cartan sub- 
group are powers with the invariant /i and ijj, 

SO (2) 3 e icya3 i — ► (e ieva *y G SO (2) 
SO (l,l)9 e 5 ^ 1 i — ► (e 8 ^)^ G SO(2) 

They act upon the basis distributions |/z 2 ;g,e) corresponding to the energy- 
momenta - either energylike q = c\q\ or momentumlike g = s\q\. 
The induced actions for the full group s G SU(1, 1) 

SU(1,1) , | | A III \ SU(1,1) / w'l i i A 

|c|g|,e) i — ► o(s, c)l |c|g|,e), \s\q\,e) i — ► o(s, s)* |s|g|, e ) 

come in the form of Wigner axial rotations o(s, c), o(s, s) G SO (2) with pa- 
rameters dependent on the hyperboloid points. They can be constructed with 
the coset representatives above for the orbit parametrizations of the energy- 
momenta 



s G SU(1,1 
with 



f SO(2) 3 v(s • c)- 1 o s o v(c) =o(s,c) 

' \ SO (l, 1) 3 w(s • s)- 1 o s o w(s) i — ► o(s, s) G SO(2) 
u(c) = v(ip, tp, 0) G SU(1, l)/SO(2) 
w(s) =^,^0)eSU(l,l)/SO (l,l) 



s • c and s • s are the SU(1, 1) transformed directions on the hyperboloids. 

For the principal SU(1, ^-representations, supported by a nontrivial mo- 
mentumlike invariant \x = P, the definition of - now - infinite dimensional 
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irreducible Hilbert spaces with square integrable functions L 2 ^ 1 ' 1 - 1 ) on the 
momentumlike hyperboloid - will be given in analogy to the SU(2)-functions 
L 2 (Vt 2 ). The support of the Dirac distribution 5(q 2 + P 2 ) restricts the basis 
distributions from all energy-momenta 1R 3 to the hyperboloid J^ 1 ' 1 " 1 

f {|Pl;s, £ >|se^)^±l} 

P 2 e irrep + SU(1, 1) : / ^\P 2 ±, s, e) (P|; s, e\ 2* ic^ya.i)) 

1 |Pl; B ,e) S W ) e ±eiP "''|P^B,e) 

The derived Dirac distributions give also matrix elements with the action of 
the SO (l, 1)-Lie algebra. With the orthogonal scalar product distributions 
on the hyperboloid one obtains the product for the Hilbert vectors 

(P 2 ;s',e'\P 2 ;s,e) = 5L e ,5(*-=f) 

\P 2 ; w) = / $ w(s,e)\ P 2 ; s, e) = J g ±5(q 2 + P 2 )w(q, e)\q, e) 
(P 2 ; w'\P 2 ; w) =f% u/(s, e)«;(s, e) = / § w'fo, e)^5(q 2 + P 2 )w(q, e) 

For SU(1, 1), there is no finite dimensional definite unitarity (no hyperbolic 
harmonics) as seen also in the Euler 'angle' group parametrization above. 

The representations for the discrete and supplementary series with energy- 
like invariant [i = n, m do not involve a Dirac measure. The Hilbert spaces are 
not characterized by square integrable functions. The Hilbert space functions 
|/i 2 ,u>) use all energy- moment a from a basis distribution {\fi 2 ;q, e) | q £ R 3 } 
with the inducing and induced representations above. The energy-momen- 
tum dipoles in the representation matrix elements, valued in complex (2 x 2)- 
matrices, i.e. in the SOo(l,2) Lie algebra and - for the energy-momenta - in 
the Lie algebra forms 

[,) W$(^e- =-% 2 ) S cos|m,| 

iy =(, 5*, yi l m ) e log SU ( 1 , 1 ) = 1R 1+2 

lead to scalar matrix elements with the invariant y 2 = det iy = \ tr y o y = 



vl - v\ - vl 



det 



% 2 )tf(±yo)gcos/iMl = $(y 2 )$(±y )(cos n\y\y 



The corresponding Hilbert product distributions involve positive type func- 
tions 



(fi 2 ;q',e'\fi 2 ;q,e) = q e _ e ,uj ^(q 2 )5(q - q') with ay (g 2 ) 



[(q^io) 2 -n 2 ] 2 
(q^-m 2 ) 2 



(/i 2 ; w'\fi 2 ; w) = J d 3 q w'(q, e') q e _ t ,u^ (q 2 ) w(q, e) 
= / d 3 q uj^{q 2 ) trq o (w <S> w')(q) 

The Hilbert space function pairs {q i — > w(q, e) | e = ±1} are defined by 
(fi 2 ; w\fi 2 ; w) > with the (2 x 2)-matrix valued function q i — > (w <S>w)(q), in 
analogy to the energylike energy-momenta by \ tr q o q = q 2 > 0. 
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It remains to establish explicitly how the Hilbert spaces with energy-mo- 
mentum functions, of L 2 -type and with positive type function, are related to 
the Hilbert spaces as constructed with homogeneous functions of one variable 
£ i — >■ as mentioned above. 
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7 Appendix: d 3 -Lie Algebras 



For a real or complex finite dimensional Lie algebra L, the classes with respect 
to the commutator ideal [X, L], the radical R (maximal solvable ideal in L) 
and the nilradical NCR (maximal nilpotent ideal in L and, also, in R) are 



up to noncommutativity 


[L,L] 


^L/[L,L] 


abelian 


up to solvability 


R 


L/R = S C L 


semisimple 


up to nilpotency 


N 


=>• L = L/N © N 


semidirect product 



Since there are no semisimple Lie algebras with dimension 1 and 2, the 
complex 3-dimensional Lie algebras have radical R G {{0},(E 3 }, i.e. they are 
either simple or solvable. 

They can be classified and constructed with the commutator ideal 

L = Q 3 dL = [L, L] G {(C 3 , (D 2 , (D, {0}} 



The perfect case is the simple Lie algebra A\ with a basis {I 1 , 1 2 , 1 3 } for 
totally antisymmetric structure constants 



[I 1 A 



(D 3 = dL = A 1 with { [I 2 , / 31 



R 3 , i 1] 



i 3 
i 1 
i 2 



The ideals dL = (E 2 belong to semidirect product Lie algebras. An abelian 
dL gives a solvable, not nilpotent Lie algebra with possible basis 



dL = [L, dL] = (C/ 1 © (CZ 2 , d 2 L = {0} 
L = (£l 3 © [(LI 1 © (CZ 2 ] 

A semidirect (D 2 -ideal is not possible, since 

dL = (CZ 1 © (EZ 2 : 
Jacobi identity: 
=}►(«, 7 ) = (0,0)=> 



with < 



[ [i\i 2 \ =0 
[i 2 A =i' 
{ [i 3 , i 1 ] =i 2 



[i 1 , i 2 ] =i 2 

[Z 2 ,Z 3 ] =^ + 5l 2 
[I 3 , 1 1 ] =al 1 +(3l 2 

=[/ 1 ,[/ 2 ,/ 3 ]] + [/ 2 ,[/ 3 ,/ 1 ]] + [/ 3 ,[/ 1 ,/ 2 ]] 

= 5/2 _ a f _ 7 /l _ 5l 2 



[i 1 A 


= /2 1 




[i 2 A 




[L, L] = (D/ 2 


[i 3 A 


= /# J 





For dL = (D there is a basis with 
<9L = (CZ 2 : 



[I 2 , 1 3 } 

{ [i 3 A 



Pii 2 

dzl 2 
al 2 
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I 1 and Z 3 can be exchanged (1st and 2nd line). By renormalizations, a basis 
with three nontrivial brackets leads to a basis with two nontrivial brackets, 
and even to a basis with one nontrivial bracket 



[l\l 2 \ =1 



2 



[i 1 A 


= Z 2 


[f,/ 2 ] 


= 


fA 


= Z 2 


with Z 3 


= Z 3 + Z 



[i 1 A =i 



2 



j2 f-',i _ / 2 , ) L- ■ ' J - , ) il i^ 2 ] — 

a' i I 2 fA =i 2 fA =0 

~ I with/ 3 = z 3 + z 1 I with f = z 3 + z 2 

which arises also from a basis with the following two nontrivial brackets 

[i 1 A = i 2 r [z\z 2 ] =/ 2 

[Z 3 ,Z 2 ] =/ 2 J [l 3 , l 2 ] =o , / 3 = / 3 -/ 1 
[/V 1 ] =o [ [f,/ 1 ] =o 

This characterizes the decomposable Lie algebra (D © [<T © (E]. 

Therefore, the only nondecomposable (C 3 -Lie algebra with dL = (C is the 
nilcubic Heisenberg Lie algebra - in a basis with two trivial brackets 

[I 1 , 1 2 ] =0 

L = (CZ 3 © [(EZ 1 © (EZ 2 ], &L = (EZ 2 , [L, dL] = {0} with <( [Z 2 |z 3 ] =0 
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8 Appendix: Residual Distributions 



All residual representations, considered above, arise from the Fourier trans- 
formed generalized scalar functions [6] (where the T- functions are defined with 
v G 1R) - for linear invariants 



R: / 



dq T{l-u) 



m e R 



2m (q-io-m) 1 -" " V"*V (ix) 1 " 

and for quadratic invariants in the scalar distributions for the definite orthog- 
onal groups 



0(d) 
d = 2,3,. 
r = 



x 2 



r d*q T{j-v) m 
J 3 „ d ,, c 



r <2 d q> -^(l - ^) c iqx 

d d r(i-u) m 
— <r d — e 

71^ (^-io-l)?"" 



2fc„(0 

(5)" 



As seen in the power |, there is a distinction between even and odd dimen- 
sions d - in parallel with the Cartan series D R = logSO((E 2i? ) and B R = 
logSO((E 1+2K ). 

The real-imaginary transition relates to each other Macdonald and Hankel 
(with Neumann and Bessel) functions 



£eR: 2/C„(<0 =i*HP(t)=e i ¥i*HP(-t) 

±iH?' i > =-K±iJv, JC- U = JC U , H a l 
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There are the special functions for iV = 0,l,2,...- for halfinteger index 



d \N(e cosg, sing) 



(I)-* 



(I)"-* 



(I)" 2 



(I)" 2 



and for integer index 



(JC N , J N , Af N )(Q 



■■£r) N (lCo, Jo, A/"o)(0 

,2 



2/C (0 = / # e-l«l cosh ^ = -£<-3^[log V - 2r'(l) - 2<p{n)\ 



?1=0 



^, 1^0(1)^^(0 = -r(iv) 



r(i+iv) 



J7at has no singularities. The integer index functions give a quadratic depen- 
dence, e.g. in 2%& = £ N (£). 

By analytic continuation one obtains for indefinite orthogonal groups 



0(n,m) xU d : 
n > 0, m > 
d = 2,3,... 



d d q r(f-iz) ~iqx 
d d ^ 

i m 7r^ (g 2 -io) , ?~ 1 ' 



r(iz) 



v 4 y 



r(|-^) 



d d q 

t m 7T^ (<7 2 -iO+l)2~ 



0(x 2 )2/C I ,(|x|)-0(-x 2 )Mr«^(|a: 



III" 



A' 



-e-EwV M (- 



*;=i 
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For integer N — 1,2,..., there arise x 2 = supported Dirac distributions. 

Orthogonally invariant distributions are embedded in hyperbolically invari- 
ant ones, e.g. for (1, s)-spacetime with the general Lorentz groups 



O(M) 

s = l,2,... 
N = 1,2,.. 



f _d*q_ T(i-u) iox 
J d „ d 



\ 4 ) 



r d d q r (|~^) iqx _ ^(x 2 )2fc„(|x|)- 1 ?(-x 2 )7r[A/'-„+i 

J — j ~ r~ — — irr e — ' * 



M) 



i s -n^ (g 2 -jo+l)2~ 



\x\ 



X, 



k=l 



V{~x 2 )2K. v {\x\)-${x 2 )K[N- v -iJ-y\(\x\) 



JV 



+^>E(^)i^- 1) (-f) 



fe=i 



For z/ = — | there are no singularities 



0(l + s): < 



r d 1+s q ^X^jr)_ n/.i 

J 2+s . 2+3 C 



J ~2TT~ ~2TT e 

7T 2 (q^ — to—l) 2 



— r 



= e 
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O(M): 



J JTF~Z — gj e 



jgrr 



j°7r 2 (g 2 — io) 

d i+ s r(2+^) 



-|x|[^(a; 2 ) + m?(-£ 2 )] 
— e iqx = d(x 2 )e-\ x \ + ^(-x 2 )e- i|a;| 



J l + s 

i s 7r 2 (g 2 — io+1) 2 

/ -^^We" 1 = ${-x 2 )e-W + ${x 2 )S x \ 

i 1 + s n 2 (q 2 —io—l)~T~ 



These distributions are relevant for the representations of orthogonal groups 
in odd dimensions 0(1 + 2R) and 0(l,2i?) with rank R and poles of order 
1 + R= 1,2,.... 

For v — there is a logarithmic singularity in /Co and A/q 



0(l + s) : 



J l + s „ l + s c 



tt^T- (q2 + l) 
r r(i±^) 

J 1 + 3 



2/C (r) 

TTre 1 ^ = -n[Af - ij ](r) 



0(l,a): 



J " — T+T 



i s 7T 2 ((J 2 — io+1) 

d i +S(7 r(i±2) 



7r 2 (g 2 — io— 1)" 

^gigx = ^(a;2)2/Co(|a:|) - ^-a; 2 )^ + iJo](kl) 



/ «7E ; itJ i^ =^(-x 2 )2/C (|x|) - $(x 2 )n[Af - ij ](\x\) 

i s 7T 2 (g 2 — io— 1) 2 

These distributions are relevant for the representations of orthogonal groups in 
even dimensions 0(2R) and 0(1, 2R — 1) with rank R and order R = 1, 2, . . . 
poles. 

The Fourier transformed simple poles are used for representations of the 
Euclidean groups SO(l + s) x R 1+s and Poincare groups SO (l, s) x R 1+s 



0(l + s) : 



J -^tt 

7T 2 y 



d 1+ ^g 



1+T g^-io-l' 



2K s -i{r) 
-?=I 

7r[AA s -i-iJ' s -i](r) 
H" 2 - 



(§)" 



0(l,a) 



r d 1+s g 1 ^»grr 

J S 7T 2 * 



r(M) 



J 



d 1+s g 



lp g 2 -io+l 



1 p «<?£ 



V 4 / 

0(x 2 )2/C s _i (\x\)-0(-x 2 )n[tf_ s -i s -i ](|x[ 



III" 



f ^ 1+S 9 _^!^_ p ig:r 
J . i+£ g 2 -io-l 



A 7 " 

fc=i 

i9(-a; 2 )2/C s _i (| ^| ) — ^(a; 2 )tt [A^ 1 s - 1 ] ( k | ) 

— 7=1 " " 

|f|T- 



k=i 



The lightcone supported Dirac distributions arise for even dimensional space- 
time with nonflat position, i.e. for (1, s) = (1, 3), (1, 5), . . .. 



37 



The one dimensional pole integrals 



I 



dq 



dq 1 „iqx 
q 2 + i e 
1 ^iqx 



0(1) = 0(1,0): 

7r q 2 — io— 1 

are spread to odd dimensions starting with 1 + s 
\x\ = 



0(3): 



■> TV 2 

7T Z <jr z — JO— 1 



iqx 



3 and a singularity at 



2^ 

r 



0(1,2): 



J 77- 2 ^2 _ ~ 



7T^ q^ — io 



d^q 

7r 2 q 2 — io+1 

i-7r 2 q 2 — io— 1 



D iq:r 



1 e iqx 



■a(x 2 )-i$(-x 2 ) 
\x\ 



n -d(x 2 )e-M~&(-x 2 )ie- i ^ 
M 



The dipoles in three dimensions are without singularity 
0(3): 



r ai 3 q 1 „iqx 



tt 2 (q 2 ) 2 
r d :i q 1 ,.„/., 
J n 2 ■ 



T 2 (g2 + l)2 e 



— r 



± ^qx —— 

TT 2 {(p — io—l) 2 



ir 



0(1,2) 



f -/$7^F e ^ =|x|[t?(x 2 )-«(-x 2 )] 
-/gf T^ZCT ^ =tf(-x 2 )e-N+t?(x 2 )e < N 



?7r 2 (q 2 — io— l) 2 

The 2-dimensional integrals integrate over the 1-dimensional functions 
0(2 ). { f^Wri e Z =fd^e- rc °^ =2/C (r) 



0(1,1): 



J 



7T 




-io—l 


d 2 q 




1 


17T 




-io+1 


(2 2 q 




1 


17T 


„ 2 


-io—l 



Mx = #(j?)2Ko(\x\) - ${-x 2 )n[M + ij ](\x\) 

_ e iqx = ^(_ X 2) 2 /C (|x|) - #(x 2 )ir[Af - ij ](\x\) 



They are spread to even dimensions - starting with 1 + s = 4 



0(4) 



0(1,3) 



^9 J_ 

7r 2 q 2 



^iqx 



I 



I 

f ^ 4 <? 1 p iqz 
J tt 2 

7T Z q z — to— 1 

_ r cftq 1 c iqx 
J in 2 q 2 —io 

J «7T Z JO+1 
J 17T 2 O 2 — io— 1 



"42/Co(r) 



2ACi(r) 
n 

2 

7r[M-iJ~i](r) 

r 
2 



= 4-^(t) 

= i?(x 2 )2^C 1 (|x|)-tf(-q; 2 ) 7 r[Ar_ 1 +i^_ 1 ](k|) _ ^(^) 

= ^(-x 2 )2^c 1 (|x|)-^( a 22 )7r[Ar_ 1 -i^_ 1 ](|x|) + i7r( j^) 

2 



Dipoles for four dimensions lead to maximally logarithmic singularities. 
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